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Abstract

This study simulates the combination of crystal growth by evaporation—condensation with the potential for a phase change once the crystals have
reached a critical size.

Crystal growth has been simulated as a two-dimensional Monte Carlo process in which the probability of accepting or rejecting an individual
evaporation—condensation step is given by the Metropolis algorithm. Crystals, taken to be of the anatase form of TiO,, which have grown larger than a
specified critical size may transform irreversibly to a second phase, taken to be rutile. The probability of conversion increases with increasing crystal
size. For each critical size there exists a limited range over which the transformation kinetics follow the familiar relationship o =1 — exp(—k#")
(where « is the fractional conversion at time, 7). The dependence of the mean size of the two polymorphs and of the rutile size-spread (rms) on
critical size have been investigated. The most significant aspect of the plots of the normalized size-spread, rms/mean-size, is its gradual increase

as the rutile fraction increases from 0.75 to 0.98.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Titanium dioxide is usually found, and is manufactured com-
mercially, as one of the two polymorphs—anatase and rutile.!->
Although large crystals of rutile are thermodynamically more
stable than those of anatase at all temperatures’ both low tem-
perature precipitation processes and high temperature gas phase
oxidation reactions typically give TiO, with a very high anatase
content unless special steps are taken to yield rutile. Thus, in the
gas phase production of TiO», AlICl3 is added in order to convert
the predominantly anatase product into the rutile form."? Alter-
natively, in the ‘sulphate process’ production of TiO, pigment,
the precipitation of titanium dioxide from sulphuric acid solu-
tions results exclusively in formation of anatase which is usually
nanocrystalline with a crystallite size of ~10 nm.? When the fine
precipitate is heated, the anatase crystals grow and in addition
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are converted to rutile. The mean size of the rutile crystals is
normally larger than that of the anatase from which they are
formed.*

The surface free energy of rutile exceeds that of anatase; i.e.,
the surface enthalpy of rutile is estimated to be 1.8 J m~? greater
than that of anatase’ although the TAS terms are considered to
be broadly equivalent for the two forms.>~’ Consequently, for
small particles, the surface contribution is sufficiently large to
make the total of the surface and bulk energies of anatase less
than the sum of the surface and bulk energies of rutile. Accord-
ing to this argument anatase—rutile transformation occurs when
an anatase crystal grows to a size at which the surface contri-
bution to its energy is no longer sufficient to compensate for
the lower energy of massive rutile crystals. Banfield and Zhang®
suggested that anatase is more stable than rutile if the particle
size is below ca. 14 nm. The approach has been generalized to
the transformation of amorphous TiO» to anatase” and to include
the effect of water on the crystal morphology and hence the crit-
ical size of the anatase to rutile transformation.'? The kinetics of
the anatase to rutile transformation have been followed by using
powder X-ray diffraction (X-ray line broadening)'1? to monitor
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the transformation, and the mean-size of both the anatase and
rutile crystals during either an isothermal or temperature pro-
grammed calcination process. A large number of experimental
studies has focused on the sensitivity of the transformation
and the crystal growth processes to the presence of inorganic
additives.'>!* However, attempts to interpret the results in terms
of simple kinetic models have been less successful. Thus arecent
survey!> reported that standard Ist order, standard 2nd order,
contracting spherical interface and nucleation and growth of
overlapping nuclei models all fail to satisfactorily represent the
measurements. Similarly, Zhang and Banfield!® interpreted the
dependence of the measured activation energy of nucleation on
both particle size and packing as a consequence of the change in
the locus of the predominant nucleation from interface to surface
to bulk. The same authors also reported”, that the well-known
relationship'®

a = 1—exp(—kt") ()

where « is the fractional conversion at time ¢, and k and » are con-
stants, did not hold for the transformation of amorphous titania
to anatase.

In a previous paper'® we used the Ising model'® to explore
particle growth and associated particle size distributions within
an evaporation (or dissolution)—condensation model of parti-
cle growth. A key feature of the model is that, because the
energy of a surface with high curvature exceeds the energy of
low-curvature surfaces, large particles grow at the expense of
small ones. The same principle, though expressed via the Gibbs-
Thomson equation, is employed by Madras and McCoy?*?! in
their treatments of Ostwald ripening through successive evap-
oration (or dissolution) and condensation steps. A significant
feature of their treatment, based on population balance equations
for the size distribution of the dimorphs, is the evaluation of the
particle polydispersity index with time. Although there were
significant challenges associated with our previous approach
— particularly in the choice of the model parameters — its use
enabled the influence of key experimental parameters on the
crystal size distribution (a property of great import with respect
to the use of TiO; as both a pigment and as a ceramic raw
material) to be explored in a full and systematic manner. In this
present paper, we extend the earlier model to explore the par-
ticle sizes and particle size distributions which arise from the
growth of anatase particles to specifically include the possibil-
ity of their transformation from anatase to rutile. In order to do
this, we have introduced the additional assumption that once
the evaporation—condensation process leads to particles which
exceed a critical size, the anatase form has the opportunity to
convert irreversibly to the rutile form of titanium dioxide.

2. Simulation procedure

Our simulation domain is two-dimensional, discretized as a
400 x 400 square lattice with a specified fractional occupancy,
as described previously.'® Filled and empty sites are assigned
spin orientations of +1 and — 1, respectively, and a set of adjacent
filled sites form a crystal surrounded by empty space. The driving
force for growth is the reduction in surface energy, which takes

the form.
1 ’
E = 2le Jijwij 2)

where J;; =J when i and j have spin orientations of opposite sign,
and J;;=0 otherwise. The prime on the summation indicates
that i = j and the factor of 1/2 eliminates double counting. The
term w;; refers to first, wy, and second, ws, nearest neighbour
weightings. Specifically, w;j=w¢=1 when lattice sites i and j
share a common side, w;; =ws, (0 <ws<1), when they share a
common corner and w;; =0 otherwise. The ratio wy/wy is referred
to as ‘the nearest neighbour weighting’.

The microstructure evolves as a result of transport and crys-
tal transformation. A spin is transported from one boundary
site to another, with opposite spin orientation, to represent
an evaporation—condensation process. The energy difference
AE associated with the two relevant configurations is calcu-
lated and the probability p(AE) of accepting or rejecting such
an evaporation—condensation step is given by the Metropolis
algorithm!'8, whereby

p(AE)y=1 whenAE <0 3)
and
—AE
P(AE) =exp | ——— when AE > 0 )
kgT

Hence for negative (or zero) AE the step is allowed, whereas
for positive AE the step is allowed only if the exponential term
is greater than a random number between O and 1. Here, T
denotes the absolute temperature and kp the Boltzmann factor.
The interaction energy will be expressed via the dimensionless
temperature parameter kg 7/J.

The mechanism of crystal transformation is based on the
notion of a critical size for an anatase crystal and the transfor-
mation procedure is invoked following accepted condensation
processes.

It will be appropriate to assume that the evaporated pixel
is neither anatase nor rutile; it will be referred to as a titania
pixel. We adopt the criterion that condensation on to anatase of
atitania pixel generated by evaporation results in a probability of
conversion of the resultant anatase to rutile only when the size,
S, exceeds a critical value, S, with probability of transformation
given by

Pr= (S_SL> )

S

where m is an integer. Specifically, using A, and R, to denote
anatase and rutile crystals, respectively, of size n, we have

T+A, > Ay41 whenn < L (6)
T+A, > Ay,y1 whenn>L and Pr <r (7)
T+A, > Ryy1 whenn>L and Pr>r (8)
and

T+R, > R, foralln )
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where T denotes a titania pixel and » denotes a random number
between 0 and 1. When an anatase pixel is converted to a rutile
pixel, its spin orientation of +1 is replaced by +2. No energetic
implications are invoked; the ‘+2’ serves only as a distinguish-
ing label for counting purposes. In contrast to the treatment of
Madras and McCoy?*2! in which clusters smaller than the crit-
ical nucleus are deemed unstable and instantaneously disappear
the rutile phase is retained in all evaporations from rutile and in
all energetically accepted condensations on to rutile.

3. Results and discussion

The effects of a range of parameters on growth were first
examined. Fig. 1 shows ‘snapshots’ of the growth during a sim-
ulation for an initially random distribution of grains with a lattice
occupancy of 25%. (These snapshots are typical images selected
from one of the five replicate runs from which numerical char-
acterization is normally based.) Any crystals of size greater than
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St which arise from the initial random distribution may be coded
as rutile on a random basis. The filled cells represent crystals,
with the dark cells (blue cells, in online version) representing
anatase and the light cells (red cells in online version) represent-
ing rutile—the phase which only becomes stable once a critical
crystal size has been exceeded. Time in the simulation is mea-
sured in units of Monte Carlo steps (MCS) where one MCS
corresponds to a number of attempted exchanges equivalent to
the total number of lattice sites, in this case 16 x 10*. As the
number of MCS increases some crystals grow at the expense
of others and this growth is determined by both the value of
kgT/J (=1.0 for this example) and the value of wg/ws (=0.5 in
this case). As the crystals grow, the initial anatase crystals may
convert to rutile; the conversion is controlled by the choice of
critical size, and by the value of the integer m in Eq. (5). In the
simulation, shown in Fig. 1, the critical size, Sy, was selected
as 100 (with m=3). To put this choice of critical size in con-
text, an individual pixel may be envisaged as equivalent to one
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Fig. 1. Snapshots, from an initially random distribution, at various Monte Carlo Steps (MCS). Light (blue in the electronic version) corresponds to anatase, dark
(red in the electronic version) to rutile. The matrix size is 400 x 400, the fractional occupancy is 25% and the value of the temperature parameter (kg 7/J) is 1.0. The
nearest neighbour weighting (w/wy) is 0.5 and transformation from anatase to rutile is permitted once the cluster size exceeds 100. Quoted are the anatase fraction,
and the mean sizes of anatase ((A)) and rutile ((R)). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

the article.)
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Table 1

The values, at 25 MCS, of percentage rutile, %R, anatase mean size, (A), and rutile mean size, (R), from 10 separate runs compared with the average of all 10 results

and with the averages based on two sub-sets of 5 runs

Average of 5 runs Average of 10 runs

%R Run 1-5 62 63 62 58 62

%R Run 6-10 59 65 59 63 61 61
(A) Run 1-5 432 41.3 44.1 38.9 434 422

(A) Run 6-10 42.4 39.8 425 44.5 44.6 42.8 42.5
(R) Run 1-5 2132 239.5 240.1 216.7 235.6 229.0

(R) Run 6-10 231.4 246.8 211.6 231.1 225.6 229.1 229.1

Parameter values as in Fig. 1.

tetragonal unit cell (lattice parameters a and c) of anatase. The
notional surface area of this pixel, estimated as 1/3(2ac + c?), is
0.54nm?. A critically sized two-dimensional crystal consisting
of 100 pixels (Sp = 100) would then have a notional ‘diameter’
of ~8.5 nm, which is comparable with the critical size of 14 nm
suggested by Banfield and Zhang.?

Overall the simulated growth sequence shows clearly the con-
version of small anatase crystals to larger rutile crystals. After 50
MCS, the anatase mean size has increased from an initial value
of 2 to a value of 53. The rutile percentage has grown from 0 to
82 and the rutile mean crystal size has reached 290. As anatase
grows the larger crystals are increasingly likely to transform to
rutile, causing the mean size of rutile to be greater than that of
anatase.

The above comments are based on ‘snapshots’ of individual
runs at a lattice occupancy of 25%. Table 1, also for a lattice
occupancy of 25%, compares values (of % rutile, mean anatase
size, (A), and mean rutile size, (R)) after 25 MCS estimated in a
series of 10 such runs with those obtained by averaging the same
results, into two sub-sets of 5 and one set of 10. It demonstrates
the improved repeatability associated with taking the average of
five runs, and the negligible further gain on taking the average
of 10 runs. Consequently, the results in the rest of this paper are
averages from five separate runs.

3.1. Effect of critical size

A significant parameter in our model which influences the
anatase to rutile transformation is the critical size, St ; of anatase
crystals above which conversion from anatase to rutile becomes
possible. Although the probability, P, of transformation (Eq.
(5)) includes a variable integer exponent, m, this will be held
fixed at a value of 3, as will be discussed below. Fig. 2 shows
the variation of the fraction of rutile (equivalent to one minus
the fraction of anatase) with the number of Monte Carlo Steps
(MCS) for values of critical size varying from 20 to 150. The
remaining parameters are held constant, with values ws/w¢=0.5,
kpT/J=1.0, m =3 and lattice occupancy of 25%. For clarity, only
the first 50 MCS are shown in Fig. 2, although the simulations
were run for 200 MCS. As Sy, increases, an increase in induc-
tion time for rutile formation and a decrease in overall rate of
conversion from anatase to rutile are apparent. This relates to
the fact that as the critical size is increased, anatase particles
must grow to a larger size before conversion to rutile becomes
feasible. The (average) number of MCS required to achieve 90%

conversion from anatase to rutile increases; specifically, 13, 27,
42,60,79, 87 and 126 MCS for values of critical size St =20, 40,
60, 80, 100, 120 and 150, respectively. Although the induction
step predicted by the present model is not obvious in the exper-
imental results at 520 °C reported by Zhang and Banfield”? in
their Fig. 1a, it is much clearer in the pattern of results from 480
to 580 °C available in Fig. S1 of the supplementary information
for that paper. At 480 °C an induction time for rutile formation
was found for all anatase sizes from 8 to 20 nm. At 500 °C the
induction period was more obvious for the smaller, 8—12 nm,
particles, which would need to grow to above the critical size
before transforming to rutile. It is the existence of this induction
step which makes the standard analytical models surveyed by
Madras, McCoy and Navrotsky'> inapplicable.

Plots of the mean sizes of anatase, (A), and rutile, (R), against
MCS are shown in Fig. 3a and b, respectively, for selected values
of 1, and show that an increase in the value of St leads to an
increase in the mean size of both anatase and rutile. In the case of
anatase, the initial increase in mean size with increasing value of
S1 is a consequence of the greater opportunity for growth before
further increase is curtailed through conversion to rutile at longer
simulation times, when the mean anatase size falls because larger
anatase crystals have converted to rutile. However, a plot of the
mean size of anatase, (A), against rutile fraction, displayed in
Fig. 3c, shows that when the rapid decrease in (A) occurs, few
unconverted anatase crystals remain. We also note from Fig. 3¢
that the maximum mean size of anatase crystals is approximately
50% of the value of the critical size, Sy..

1

0.8 4

0.6

0.4 4

Rutile Fraction

MCs

Fig. 2. Rutile fraction versus MCS, for selected values of critical size (S1)
between 20 and 150. In all cases, the occupancy is 25%, the nearest neighbour
weighting is 0.5 and the temperature parameter is 1.0.
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parameter is 1.0.

For rutile, Fig. 3b, a plot of mean size (R) versus MCS as
a function of critical size, Sp., shows a short induction period,
which increases with increasing value of St . Beyond this induc-
tion period, (R) increases with increasing value of Sp. Both
these effects arise because there are no rutile crystals smaller
than the value of Sy.. At 50 MCS, the rutile mean size is seen to
increase almost linearly from ~140to ~370 as Sy increases from
20 to 150. A plot of (R) versus rutile fraction, Fig. 3d, shows
very large changes in rutile mean size during the last stages
of the conversion, and demonstrates why commercial produc-
tion of sulphate-route titania pigments targets a rutile content
of ~98.5%. On average, a 3% change in percentage rutile from
92% to 95% causes an 8% increase in rutile mean size. How-
ever, a similar 3% change in percentage rutile from 95% to 98%
causes a 12.5% increase in (R). The model suggests that any
attempt to achieve a higher conversion to rutile would lead to an
unacceptably large range of crystal size.

As noted above, a second parameter which influences the
probability of transformation from anatase to rutile is the integer
exponent, m, occurring in Eq. (5). Since the term (1 — SL/S)
must be less than 1 (S must exceed Sy, for the transformation to
be possible), as the value of m is increased, the probability of
transformation declines. For example, an increase in the value
of m from 1 to 5 reduces the value of rutile fraction at 50 MCS
from 0.90 to 0.73. Further increase in m leads to a rapid decrease

in rutile fraction. By comparison, an increase in St from 40 to
150 reduces the value of rutile fraction at 50 MCs from 0.97
to 0.68. Since the overall effect of increasing the value of m is
similar to that of increasing the value of S, we hold m fixed (at
the intermediate value of 3) and concentrate on changes to the
more physically significant parameter Sy .

3.2. Effect of the parameter kpT/J

The consequences of varying kg7/J are interesting. In our
previous simulation of crystal growth without phase change, '’
the change in growth rate with kg 7/J was not monotonic. Below
a critical value of ~0.67 the mean particle size at fixed MCS
was almost independent of kg 7/J but above this critical value it
decreased markedly, by a factor of 1.5, as kg7/J rose from 0.67
to 1.5. Despite the complications introduced by anatase to rutile
transformation, both the anatase growth (Fig. 4a) and the rutile
growth (Fig. 4b) show a similar pattern. Both these plots are for
50 MCS. (In the region 100-200 MCS (not shown) the anatase
mean size decreases with increasing MCS as large anatase crys-
tals convert to rutile.) When, as in the earlier study, mean sizes
corresponding to a fixed time (i.e. a fixed number of MCS) were
computed, it became apparent that although the spread of results
within each set of five was acceptable for values of kg7/J far
from the discontinuity, the range was much greater at values
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Fig. 4. For selected values of temperature parameter (kg 7/J), (a) anatase mean
size ({A)) versus MCS. (b) Rutile mean size ((R)) versus MCS. In both cases,
the occupancy is 25%, the nearest neighbour weighting is 0.5 and the critical
size is 100.

near to it. When the average sizes for individual sets of 5 runs
were plotted the mean anatase size decreased for kg 7/J > ~0.65,
suggesting a critical temperature, even though it could not be
identified precisely. The curve for rutile showed a maximum for
0.60 < kpT/J <0.80 but, again, it was not possible to identify any
discontinuity. A much clearer picture emerged when (Fig. 5) the
results for constant composition, rather than constant simula-
tion time, were considered. These results demonstrate clearly
the cusp in the plot of rutile mean size versus kg7/J. The criti-
cal temperature parameter kg7./J corresponding to this cusp is
~0.67 and above this value both anatase and rutile mean sizes
decrease. This decrease corresponds to the increased probability
of accepting a positive energy change that is built into the model.
Such positive energy moves correspond to pixel migration from
particles of low curvature to particles of high curvature, i.e. from
big to small particles and this leads to the observed decrease in
mean size.

3.3. Effect of other parameters

In an earlier study,'® in which growth was simulated without
the possibility of transformation, the effects of lattice occu-

mean sizes

0 0.5 1 15 2 2.5 3

temperature parameter

Fig. 5. Rutile ((R)), anatase ({(A)) and overall ((R+A)) mean sizes versus
temperature parameter kg7/J corresponding to constant 90% conversion from
anatase to rutile. The occupancy is 25%, the nearest neighbour weighting is 0.5
and the critical size is 100.

pancy and the contribution of second nearest neighbours were
systematically examined. In the present study, an increase in
the occupancy of the 400 x 400 grid from 3% to 40% (for
wslwg=0.5, kgT/J=1.0) led to more rapid rutilization. This is a
consequence of the larger initial mean size at higher occupancies
which means that fewer MCS are needed for the particles to grow
to a size at which the anatase to rutile transformation becomes
feasible. (The results for 3% occupancy are relatively scattered
because of the small number of particles—only 48 x 107 pixels
are occupied.) A general result was that, as for the results in
Fig. 2d, the mean rutile size changed by less than a factor of
2 over the range 20-80% rutile but then increased greatly for
rutile contents greater than 90%. We reported previously, in the
absence of an anatase to rutile transformation, that the growth
rate decreased as the weighting assigned to second nearest neigh-
bor interactions decreased and, unsurprisingly, this behaviour
was also found in this study for the initial stages of growth.
The faster growth of anatase consequent upon a larger second
nearest neighbour weighting leads to a faster transformation
to rutile and to an earlier growth of the rutile crystals that are
formed.

3.4. Kinetic analysis

The time-dependence of the fractional conversion, «, of
anatase to rutile predicted by the simulation has been com-
pared !0 with the widely used relationship, Eq. (1), i..
a=1—exp(—kt").

This may be rearranged to the form

log(— In(1 — @)) = logk + n log(t) (10)

If MCS, the number of Monte Carlo steps, is substituted for
the time, t, a linear plot of log(—In(1 — «)) versus log(MCS) is
expected if the simulated transformation conforms to Eq. (1).
Fig. 6 shows the results of this analysis for kg7/J=1, f=0.25,
ws/wr=0.5 and 20< Sy, < 120. Although none of the plots is
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Fig. 6. Plot of log(—In(anatase fraction)) versus log(MCS) for selected values
of critical size St.. The occupancy is 25%, the nearest neighbour weighting is
0.5 and the temperature parameter is 1.0.

linear, because of the common induction effect, for every Sp
value there is a range of MCS over which the linear rela-
tionship holds and the goodness of fit may be conveniently
represented by the R? values (where R is the familiar Pearson
product moment coefficient). Over a log(MCS) range of 0.5, the
MCS values for maximum R? (>0.999 in all cases) were first
determined by inspection, and the slopes, n, and intercepts, k,
of these lines were then tabulated. Table 2 summarizes these
results both for the best fit lines and, so that the sensitivity
to the selection of MCS range can be assessed, for selected
non-optimal comparisons. The tabulation demonstrates that for
all values of Si, there is a region of the transformation plot
in which Eq. (10) is obeyed. This region occurs at increasing
numbers of Monte Carlo steps as St increases, a natural conse-
quence of the greater time needed for anatase to grow to the
specified larger critical size. In all cases n=0.73+£0.03 and
the tabulation confirms the visual impression that although a
rather moderate range (log(MCS)=0.5) has been selected for
this analysis the transformation curves remain approximately
parallel over a wider range of simulation times. The value
of n is significantly lower than the generally accepted values
of n=2 for site-saturation nucleation, or n=3 for continuous
nucleation during the transformation of a continuous phase.?
However, Shlesinger and Montroll>* have demonstrated that
0<n<1 for defects hopping in a random environment with a
hierarchy of waiting times and Klafter and Shlesinger>> have
demonstrated that a number of different physical models lead
in a natural way to values of n=0.5 for 1 dimension and
n=1 for 3 dimensions. A kinetic Ising model for polymer
dynamics?® led to values between 0.5 and 0.74. Our current
value of n=0.73 for this 2-dimensional simulation does not seem
unreasonable.

An analysis at fixed S, for kg7/J varying between 1 and
5 leads to a similar pattern of results although the spread of
the transformation curves is smaller. It is of interest to note
that the transformation curve corresponding to kg 7/J = 0.67 (the
values at which the growth curve showed a discontinuity) was
unexceptional.

Table 2

the number of MCS and k and n are constants with values shown in the

The range of MCS, over which «, the fractional conversion to rutile, is satisfactorily represented by the equation o =1 — exp(—k#") where ¢

Table

Range of log (MCS)

1.65-2.15

Range of log (MCS)

1.55-2.05

Range of log (MCS)

Range of log (MCS)

1.40-1.90

Range of log (MCS)

1.30-1.80

Range of log (MCS)

1.20-1.70

Range of log (MCS)

1.00-1.50

1.45-1.95

0.85+0.04,
—0.61, R?

n=

0.83 4 0.04,
—0.5g, R2

n=

n=0.76 +£0.04,

S1.=20

0.977

k=

0.995

0.999

—0.53, R?

0.75+0.04,
—0.72, R?

n=

0.70 £ 0.04,
—0.64, R2

n=

S1.=40

0.99¢

0.999

k=

k=

0.70 +0.04,
k=—0.77, R2=0.999

n=

0.70 & 0.04,
k=—0.77, R2=0.99¢

n=

60

SL

0.73 4 0.04,
k=—0.94, R?

n=

0.74 +0.04,
k=—0.9s, R?

n=

80

SL

0.999

0.99¢9

0.69 £ 0.04,
—0.94, R?

n=

0.71 £0.04,
—0.99, R2

n=

0.75+0.04,
—1.04,,
0.99

n=

S =100

0.999

0.99¢

R2
n

0.74 +£0.04,
—1.1¢, R?

n=

0.85+£0.04,
k=—1.27, R?

S =120

0.999

k=

0.994

The ‘goodness of fit’ is represented by the value of R.
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3.5. Spread of crystal sizes

As the simulation progresses, anatase crystals are progres-
sively replaced by rutile crystals. Rutile has a higher refractive
index than anatase and therefore scatters light more efficiently;
i.e., rutile is the better opacifying pigment. For pigmentary appli-
cations of TiO, a narrow spread of crystal sizes is desirable
because light-scattering is also sensitive to the ratio of crys-
tal size, d, to wavelength, A. More efficient scattering results if
the crystal sizes are clustered more closely around the optimum
value of d/\. Therefore, both the standard deviation of the size
and the corresponding normalized deviation, (obtained by divid-
ing the standard deviation by the mean size) of the rutile crystals
formed by the transformation have been calculated for different
values of the critical size, Fig. 8, and for different values of the
temperature parameter, Fig. 7.

Fig. 7a shows the almost linear dependence of the root mean
square deviation of the rutile crystal-size on MCS. The spread
of sizes increases as the temperature parameter increases from
0 to 1 and then decreases as kg7/J increases from 1 to 2. At
kg T/J=0.67, the value at which the size for fixed composition
shows a discontinuity (Fig. 5), the behaviour is unexceptional.
Although the size-spread increases with increasing MCS, the
rutile size also increases (Fig. 4b) so that the normalized devia-
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tion, rms/(R), is relatively constant for increasing MCS (Fig. 7b).
The effect of kg 7/J on rms/(R) is very small in the range 0-0.67
but increases significantly from 0.67 to 2.0. This is consistent
with the previously described insensitivity of mean size with
kgT/J values below 0.67 and the subsequent fall in mean size
at larger kg7/J. The pattern of rms/(R) is controlled by the
behaviour of (R).

For kgT/J <1, plots of normalized deviation versus mean
rutile size (Fig. 7c) show minima. For kg 7/J=0.5 the minimum
is at a rutile fraction of 0.50, whereas for kg 7/J = 1 the minimum
is at a rutile fraction of 0.76 although both curves have a min-
imum close to (R) &~ 270. Fig. 7d suggests that the normalized
deviation increases by a small amount as the fraction of rutile
increases from 0.75 to ca. 0.98, typical of sulphate-route? rutile
pigments. There is, once more, increasing dependence on the
temperature parameter when kg7/J > 0.67.

Fig. 8 summarizes the corresponding analysis of the depen-
dence of rutile size-distribution on the choice of critical size,
Sp. In Fig. 8a the almost linear dependence of the root mean
square (rms) deviation of the rutile crystal size on MCS is much
less affected by changes in Sy (from 20 to 120) than by changes
in the temperature parameter (Fig. 7a). Most curves converged
by 200 MCS, probably because the mean size, >400, signif-
icantly exceeded the largest critical size (Sp =120) and hence
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Fig. 7. For selected values of temperature parameter (kg 7/J), (a) rutile size-spread (rms) versus MCS. (b) Normalized rutile rms (rms/(R)) versus MCS. (c) Normalized
rutile rms (rms/(R)) versus rutile mean size ((R)). (d) Normalized rutile rms (rms/(R)) versus rutile fraction. In all cases, the occupancy is 25%, the nearest neighbour

weighting is 0.5 and the critical size is 100.
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the ‘memory’ of differences in S, no longer dominated. The
corresponding normalized deviations, Fig. 8b, showed a mono-
tonic decrease in rms/(R) as S, increased, a consequence of the
increase in (R) with increasing Sy, (Fig. 3b) as discussed ear-
lier. Again the results were less sensitive to changes in S than
to variation in kg7/J. In Fig. 8c, plots of rms/(R) versus the
mean rutile size (R) show minima (except for Sp, =20) which
are less pronounced than in the corresponding plots, Fig. 7c, in
which the temperature parameter was varied. For kgT7/J=1, the
common temperature parameter for Fig. 8, the smallest values
of the normalized size-spread were obtained for large values of
S1.; a similar but much smaller effect was obtained for kg 7/J =2
(not shown). The most significant aspect of the plots of rms/(R)
versus rutile fraction, Fig. 8d, is the absence of minima. The
normalized deviations gradually increase as the rutile fraction
increases from 0.75 to 0.98. These increases are less than the
change from ~1 to ~1.3 as Sp. decreases from 120 to 20, at a
fixed rutile fraction of 0.98. Minima were also absent from the
results of simulations with kg7/J=2 (not shown) even though
the absolute values of the normalized spread were larger. At
these higher values of the temperature parameter the normalized
spread increased as S, increased,

4. Concluding remarks

The simulations have shown that estimates of the amount of
rutile formed, %R, and of the mean sizes of anatase and rutile,
(A) and (R), respectively, obtained by averaging five Monte
Carlo simulations have satisfactory repeatability and allow the
effect of the different model parameters to be evaluated. As
in an earlier study, of crystal growth without the possibility
of transformation to rutile, crystal growth was influenced by
the temperature parameter kg7/J, which controls the probabil-
ity of accepting an individual evaporation condensation step. At
kpT/J~0.67 a discontinuity occurred in a plot of mean size, at
fixed composition, against temperature parameter.

There was an induction period for transformation of anatase
to rutile which increased with increasing Sp. and which lim-
ited the applicability of a simple analytical representation of the
transformation kinetics. However, for every Si , there was arange
over which the simulation results were satisfactorily represented
by the familiar relation o = 1 — exp(—k#"), with n ~ 0.75.

Increases in S, the minimum size at which anatase could
convert to rutile, increase both the anatase mean size (and
(A) ~0.585L) and the rutile mean size, (R) corresponding to a
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fixed number of MCS. Very large increases of (R) during the last
stages of the anatase to rutile conversion suggest that practical
attempts to exceed 98% conversion during calcination would
lead to a large range of crystal sizes. In general, the normalized
crystal-size distributions, 6/(R), predicted by the model are much
less affected by changes in S than by differences in kg 7/J. For
rutile the normalized size distribution, §/(R), increased smoothly
as the rutile fraction increased from 0.75 to 0.98.
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